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ALGEBRAIC REALIZATION OF NONCOMMUTATIVE
NEAR-GROUP FUSION CATEGORIES
MASAKI IZUMI AND HENRY TUCKER
Abstract. Noncommutative near-group fusion categories were com-
pletely classified in the previous work of the first named author by us-
ing an operator algebraic method (and hence under the assumption of
unitarity), and they were shown to be group theoretical though the
corresponding pointed categories were not identified. In this note we
give a purely algebraic construction of the noncommutative near-group
fusion categories starting from pointed categories categorically Morita
equivalent to them.
1. Introduction
Fusion categories are considered to be generalization of the category
Rep(G) of finite dimensional representations of finite groups G. As we can
associate the representation ring R(G) with Rep(G), given a fusion category
C we can define the Grothendieck ring K0(C), which expresses the fusion
rules of the tensor product in C. That is to say, K0(C) is the Z-based ring
with basis given by Irr(C), the set of isomorphism classes of simple objects
in C with multiplication and addition given by the tensor product and direct
sum operations, respectively. A natural classification question asks: what
fusion categories have a given ring R as their Grothendieck ring, i.e. which
C have K0(C) ∼= R as Z-based rings? The answer in the case of a group
ring ZG for a finite group G has a well-known answer due to Eilenberg and
Mac Lane: if C is a fusion category with K0(C) ∼= ZG then C is monoidally
equivalent to a category VecωG of G-graded complex vector spaces with as-
sociativity natural isomorphisms given by some 3-cocycle ω ∈ Z3(G,C×).
These are the pointed fusion categories. Note that the 3-cocycle condition
is equivalent to the pentagon axiom for these monoidal categories; two such
categories are equivalent if and only if the groups are isomorphic and the
3-cocycles are cohomologous in H3(G,C×).
Further answers to this question have focused primarily on the near-group
categories formally introduced in [21]. These are fusion categories with
exactly one object which is non-invertible under the tensor product. More
precisely:
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Definition 1.1. A near-group category C with a finite group G is a fu-
sion category with the the Grothendieck ring K0(C) = Z[G ∪ {ρ}] where
multiplication is given by the group law of G and:
ρg = ρ = gρ and ρ2 = mρ+
∑
g∈G
g.
We denote this ring by NG(G,m). The number m is called the multiplicity
of C.
The first major classification of categories of this type was by Tambara-
Yamagami [22] for those with m = 0. By solving directly the pentagon
equations arising from the associativity law they showed that the near-group
categories with G and multiplicity m = 0 are completely classified by the
data (b, ǫ) where b is a non-degenerate symmetric bicharacter of G, and ǫ ∈
{1,−1} corresponding to the second categorical Frobenius-Schur indicator
of ρ. The group G must be abelian in this case.
The features of near-group categories with m > 0 are considerably differ-
ent depending on whether the Frobenius-Perron dimension FPdim ρ of ρ is
an integer or not (see [9] and the arXiv version of [18]). The integral case
with abelian G is the easiest among the others, and the classification was
already done in [3]. Such a category is categorically Morita equivalent to a
pointed category with the affine group Fq ⋊F
×
q , and G is identified with the
dual group of F×q , isomorphic to the cyclic group of order q− 1. The variety
coming from the third cohomology was also precisely determined in [3].
In the irrational case, the group G is always abelian and the number m is
a multiple of |G|. Under the assumption of unitarity, the classification prob-
lem in this case is completely reduced to solving the polynomial equations
obtained by the first named author by using the Cuntz algebras (see [4], [6],
[8], [9]). Their Drinfeld centers were also computed in [4] and [8] applying
the tube algebra method presented in [7].
The remaining case is when G is noncommutative, and somehow this case
was overlooked in [21]. The following theorem was proved by the first named
author with operator algebra technique:
Theorem 1.2 ([9, Theorem 6.1]). Let G be a non-abelian finite group. Then
a unitary near-group category C with K0(C) ∼= NG(G,m) exists if and only
if G is an extra-special 2-group. In particular |G| = 22n+1, m = 2n, and
FPdim(ρ) = 2n+1.
Furthermore, for each extra-special 2-group there exists exactly three dif-
ferent unitary near-group categories, and they are distinguished by the third
Frobenius-Schur indicators of ρ.
Recall that a finite 2-group G is said to be an extra-special if the center
and the derived subgroup of G coincide and have order 2. It is known that
the order of every extra-special 2-group is an odd power of 2. Note that
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for n = 1 above the group G is either the dihedral group D8 or the quater-
nion group Q8. Furthermore, it is known that there are exactly two non-
isomorphic extra-special 2-groups G for each order |G| = 22n+1, and they
are obtained as central products of D8 or Q8 (see [19, Exercise 5.3.7,(i)]).
In [9, Corollary 6.14] it was also shown that the noncommutative near-
group categories are group theoretical, that is, categorically Morita equiv-
alent to pointed categories. Summing up these results, we see that for a
given odd natural number 2n+ 1, there exist exactly 6 unitary noncommu-
tative near-group categories with global dimension 22n+1 · 3, and hence the
corresponding pointed categories are given by groups of order 22n+1 · 3. It
was conjectured in [9, Example 6.16] that all the 6 pointed categories have
the group F2n2 ⋊ SL(2,F2) with 6 different third cohomology classes coming
from H3(S3,C
×) ∼= Z6 (recall that SL(2,F2) is isomorphic to the symmetric
group S3). The purpose of this note is to verify this conjecture (Theorem
3.2, Theorem 4.1).
To investigate properties of group theoretical categories arising from the
group F2n2 ⋊ SL(2,F2) together with appropriate choices of 3-cocycles and
subgroups, we employ Schauenburg’s formula [20] for the higher Frobenius-
Schur indicators and Gelaki and Naidu’s description [5] of the group of
invertible objects. Our computation explicitly verifies a Frobenius-Schur
indicator rigidity phenomenon for the noncommutative near-group fusion
rules: each inequivalent category with the given fusion rules must have dis-
tinct Frobenius-Schur data.
1.1. Acknowledgments. This project was made possible by NSF East
Asia and Pacific Summer Institutes (EAPSI) award #1613812 titled “Clas-
sification of Fusion Categories with one Non-Invertible Object” supported
jointly by NSF and Japan Society for Promotion of Science (JSPS). Both
authors wish to thank Richard Ng for many useful discussions. The first
named author is supported in part by JSPS KAKENHI Grant Number
JP15H03623.
2. Group-theoretical fusion categories
For our purposes tensor categories are defined to be C-linear abelian
monoidal categories. We refer the reader to [2] for a comprehensive overview
of the theory of tensor categories. Fusion categories are tensor categories
that are:
• rigid, that is, objects have duals, and
• semisimple with finitely many simple objects and simple unit object.
The rigidity morphisms evV : V
∗ ⊗ V → 1 and coevV : 1 → V ⊗ V
∗ are
given by the diagrams:
V ∗ V
✍ ✌ ✎ ☞
V V ∗
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satisfying the relations:
V✎ ☞
✍ ✌
V
=
V
V
and
V ∗ ✎ ☞
✍ ✌
V ∗
=
V ∗
V ∗
2.1. Categorical Morita equivalence. Let C be a fusion category. A
module category M over C is the categorical analog of a module over
the ring K0(C). That is, a linear abelian category with an action given
by a bifunctor ⊗M : C × M → M equipped with a module associativity
natural isomorphism m : (· ⊗C ·) ⊗M · → · ⊗C (· ⊗M ·) which satisfies
the usual pentagon relation. There are likewise analogous definitions for
indecomposable module categories and C-module functors. (See [2, Chap.
7] for further details and definitions.) It was shown in [16] that module
categories M over a fusion category C are characterized by (associative)
algebra objects in C. A ∈ C is an algebra object if it has multiplication
µ : A⊗A→ A and unit η : 1→ Amorphisms in the category satisfying some
compatibility conditions with the monoidal structure ⊗ of C. Similarly one
may look at the category ModC(A) of A-module objects in C, and Ostrik’s
result tells us that, for a given C-module categoryM we haveM≃ ModC(A)
as abelian categories for some algebra object A ∈ C.
Given an indecomposable module category M = ModC(A) over C we can
form the categorical Morita dual tensor category C∗M := EndC(M), that is
the category of C-module endofunctors of M. Equivalently, the dual arises
from the category of (A,A)-bimodule objects in C:
C∗M ≃ BimodC(A)
We say that the two fusion categories C and C∗M are categorically Morita
equivalent.
A fusion category C is said to be group-theoretical if it is categorically
Morita equivalent to a pointed fusion category. Given a subgroup H ≤ G
and a 2-cochain ψ ∈ C2(H,C×) such that dψ = ω|H we may form the
twisted group algebra CψH. The choice of ψ makes this an algebra
object in VecωG, and in fact all module categoriesM over Vec
ω
G are of the form
ModVecωG(C
ψH) for some pair (H,ψ) as above. Hence any group-theoretical
category is of the following form:
C(G,ω,H,ψ) := BimodVecGω (C
ψH)
For example, C(G, 1, G, 1) ≃ Rep(G) and C(G,ω, {e}, 1) ≃ VecωG
For the remainder of this note we shall denote the adjoint actions of G
on itself by x⊳ g := g−1xg for all x, g ∈ G. Furthermore, for f ∈ Ck(G,C×)
we define:
gf(x1, . . . , xk) := f(x1 ⊳ g, . . . , xk ⊳ g).
The simple objects of C(G,ω,H,ψ) were found in [17] (see also [2, Exam-
ple 9.7.4]) to be parameterized by pairs (HgH,χ) where:
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• HgH ∈ H\G/H is a double coset with representative g ∈ G, and
• χ is an irreducible projective character of the groupHg := H∩gHg−1
with Schur multiplier ψg ∈ Z2(Hg,C×), a well-defined 2-cocycle
defined by:
ψg(h, k) := ψ(h, k)ψ(h−1 ⊳ g, k−1 ⊳ g)
ω(h, k, g)ω(h, kg, k−1 ⊳ g)
ω(hkg, k−1 ⊳ g, h−1 ⊳ g)
.
We denote by Xg,χ the corresponding simple object. Due to an impor-
tant theorem of Natale in [14], given a group-theoretical fusion category
C(G,ω,H,ψ) there exists a tensor equivalent one C(G, ω˜,H, 1) with trivial
2-cochain ψ. Moreover, ω˜ can be chosen to be adapted in the sense that
it is trivial on G×G×H. So for any group-theoretical fusion category we
have:
C(G,ω,H,ψ) ≃⊗ C(G, ω˜,H, 1)
In this case, the 2-cocycle ψg(h, k) takes the form ω˜(h, k, g), which we denote
by ω˜g(h, k).
2.2. Frobenius-Schur indicators. The group theoretical fusion categories
are pivotal fusion categories: there is a natural isomorphism j : (−)∗∗ → IdC
from the double dual endofunctor on C to the identity endofunctor. Define
X⊗n to be the n-fold tensor product of X with all parentheses to the right.
Now we have the following invariant of pivotal categories:
Definition 2.1 ([15]). Given an object X in a pivotal fusion category
C we define the linear map E
(k)
X on the finite-dimensional vector space
Hom(1,X⊗k) as follows:
E
(k)
X :
f
···
X X· · ·X︸ ︷︷ ︸
k
7→
✎ ☞
f
✡✠ ··· j−1X
X· · ·X X
Then the kth Frobenius-Schur indicators are given by the (usual) trace:
νk(X) = Tr(E
(k)
X )
The FS indicators are an invariant of tensor categories: if F : C → D is
an equivalence of tensor categories then νk(X ∈ C) = νk(F (X) ∈ D) for all
positive integers k and objects X ∈ C.
We will employ the FS indicators to show that our constructions of the
noncommutative near-group categories are distinct. We make use of the
following formula of Schauenburg for the FS indicators of group-theoretical
categories which have an adapted cocycle.
Theorem 2.2 ([20, Theorem 1]). Suppose ω ∈ Z3(G,C×) is adapted cocycle
for the subgroup H. Let Xg,χ ∈ C(G,ω,H, 1) be the simple object associated
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with the pair (HgH,χ). Then:
νk(Xg,χ) =
1
|Hg|
∑
r∈gH
rk∈Hg
π−k(r)χ(r
−k),
where πk(x) is a recursively defined scalar for x ∈ G given by π0(x) = 1 and:
πk+1(x) = ω(x, x
k, x)πk(x).
2.3. Group of invertible objects. The group Γ(C) of the invertible ob-
jects in a group theoretical category C was computed in [5, Theorem 5.2].
We recall their result in the case C = C(G,ω,H, 1) with an adapted cocycle
ω.
Let R be a set of representatives of the double cosets H\G/H. Then we
define a group K isomorphic to a subgroup of NG(H)/H as follows. Let
K = {g ∈ R | g ∈ NG(H) and [ωg] = 1 ∈ H
2(H,C×)}
as a set. Then for any k1, k2 ∈ K, there exists a unique k3 ∈ K with
k1k2 ∈ k3H, and we define k1 ·k2 = k3. Let Ĥ = Hom(H,C
×). Then K acts
on Ĥ as kχ(h) = χ(h⊳ k). We define a 2-cocycle ν ∈ Z2(K, Ĥ) as follows:
• Since ωk is a coboundary for every k ∈ K, there exists ηk ∈ C
1(H,C×)
satisfying dηk = ωk. We set ηe = 1 for k = e.
• We define ν ∈ Z2(K, Hˆ) by
ν(s, t) =
ηs(
sηt)
ηs·t
,
where s, t ∈ K.
Theorem 2.3 ([5, Theorem 5.2]). Let the notation be as above. Then the
group Γ(C) fits into the following exact sequence:
1→ Ĥ → Γ(C)→ K → 1
with a 2-cocycle ν. More precisely, the group Γ(C) is identified with the set
Ĥ ×K with multiplication given by:
(χ, s) · (ψ, t) := (ν(s, t)χ sψ, s · t)
where s, t ∈ K, χ,ψ ∈ Ĥ.
3. The basic case
3.1. Cohomology for S3. The cohomology H
3(S3,C
×) of the symmetric
group S3 plays a key roˆle in the sequel. We provide here explicit formulae for
the 3-cocycles as computed in [1, §6.3 (6.19)-(6.20)] (with a modification for
our purpose). The symmetric group S3 is a semi-direct product Z3 ⋊−1 Z2,
and we uniquely parameterize group elements as (123)x(13)y , x ∈ {0, 1, 2},
y ∈ {0, 1}. Using this convention, the group law can be written as
(x1, y1) · (x2, y2) = ([x1 + (−1)
y1x2]3, [y1 + y2]2),
NONCOMMUTATIVE NEAR-GROUP CATEGORIES 7
where [−]p denotes reduction modulo p.
Let α : Z3 → C× be a function defined by
α(x1, x2, x3) = exp(
2πi(x1 + x2 − [x1 + x2]3)x3
9
).
Although it is a fact that the restriction of α to {0, 1, 2}3 gives a generator
of H3(Z3,C
×) ∼= Z3, we emphasize here that we are using α defined on Z
3
in the below.
We can write a representative of a generator of H3(S3,C
×) ∼= Z6 as
follows:
ω0((x1, y1), (x2, y2), (x3, y3)) = α(x1, (−1)
y1x2, (−1)
y1+y2x3)(−1)
y1y2y3 .
Indeed, we can directly check the cocycle relation as
dω0((x0, y0), (x1, y1), (x2, y2), (x3, y3))
= α(x1, (−1)
y1x2, (−1)
y1+y2x3)
× α([x0 + (−1)
y0x1]3, (−1)
y0+y1x2, (−1)
y0+y1+y2x3)
−1
× α(x0, (−1)
y0 [x1 + (−1)
y1x2]3, (−1)
y0+y1+y2x3)
× α(x0, (−1)
y0x1, (−1)
y0+y1 [x2 + (−1)
y2x3]3)
−1
× α(x0, (−1)
y0x1, (−1)
y0+y1x2)
× (−1)y1y2y3(−1)(y0+y1)y2y3(−1)y0(y1+y2)y3(−1)y0y1(y2+y3)(−1)y0y1y2
= exp
2πic
9
,
with
c
= (x1 + (−1)
y1x2 − [x1 + (−1)
y1x2]3)(−1)
y1+y2x3
− ([x0 + (−1)
y0x1]3 + (−1)
y0+y1x2 − [[x0 + (−1)
y0x1]3 + (−1)
y0+y1x2]3)
× (−1)y0+y1+y2x3
+ (x0 + (−1)
y0 [x1 + (−1)
y1x2]3 − [x0 + (−1)
y0 [x1 + (−1)
y1x2]3]3)
× (−1)y0+y1+y2x3
− (x0 + (−1)
y0x1 − [x0 + (−1)
y0x1]3)(−1)
y0+y1 [x2 + (−1)
y2x3]3
+ (x0 + (−1)
y0x1 − [x0 + (−1)
y0x1]3)(−1)
y0+y1x2
= (x0 + (−1)
y0x1 − [x0 + (−1)
y0x1]3)
× (x2 + (−1)
y2x3 − [x2 + (−1)
y2x3]3)(−1)
y0+y1
≡ 0 mod 9.
Since the restrictions of ω0 to the Sylow subgroups 〈(123)〉 and 〈(13)〉 re-
spectively generate their third cohomology groups, we see that the class [ω0]
generates H3(S3,C
×) ∼= Z6.
We note that ω0 satisfies ω0((x1, y1), (x2, y2), (0, y3)) = (−1)
y1y2y3 .
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3.2. Inflation of 3-cocycles on S3. We naturally identify S3 as a subgroup
of S4. Let N = {e, (12)(34), (13)(24), (14)(23)} ∼= Z2 × Z2. Then S4 is a
semi-direct product S4 = N ⋊ S3, and we denote by π the quotient map
π : S4 → S4/N ∼= S3,
whose restriction to S3 is the identity map.
We apply the cohomology functorH3(·,C×) to obtain the inflation map:
inf : H3(S3,C
×)→ H3(S4,C
×)
which is given by precomposition by the quotient map π : S4 → S3:
inf(ω)(x, y, z) = ω(π(x), π(y), π(z)).
Since (1234) = (14)(23)(13), we have π((1234)) = (13). We can uniquely
parameterize elements of S4 as (123)
x(13)y(1234)z with x ∈ {0, 1, 2}, y ∈
{0, 1}, and z ∈ {0, 1, 2, 3}. Then by definition
inf ω0((x1, y1, z1), (x2, y2, z2), (x3, y3, z3))
= ω0((x1, [y1 + z1]2), (x2, [y2 + z2]2), (x3, [y3 + z3]2))
= α(x1, (−1)
y1+z1x2, (−1)
y1+y2+z1+z2x3)(−1)
(y1+z1)(y2+z2)(y3+z3).
3.3. Construction of adapted cocycle. Let H = 〈(1234)〉 ∼= Z4. Then
we have S4 = S3 ·H and S3 ∩H = {e}, that is, (S3,H) is a matched pair.
We look for an adapted 3-cocycle of S4 for H cohomologous to inf ω0.
We define a function ǫ : S4 → {0, 1} by sgn(g) = (−1)
ǫ(g), where sgn g
is the signature of g. By definition we have ǫ(g1g2) ≡ ǫ(g1) + ǫ(g2) mod 2.
Then we get
inf ω0(g1, g2, h) = (−1)
ǫ(g1)ǫ(g2)ǫ(h)
for all g1, g2 ∈ S4 and h ∈ H. We need to find a 2-cochain ξ ∈ C
2(S4,C
×)
satisfying
(−1)ǫ(g1)ǫ(g2)ǫ(h) = dξ(g1, g2, h),
for all g1, g2 ∈ S4 and h ∈ H.
Let f0 : H → {1,−1} be a function given by
f0((1234)
z) =
{
1, z = 0, 1
−1, z = 2, 3.
Then f0 satisfies f0(h1h2) = f0(h1)f0(h2)(−1)
ǫ(h1)ǫ(h2). Since (S3,H) is a
matched pair, we can extend f0 to f : S4 → {1,−1} by setting
f(σh) = f0(h)(−1)
ǫ(σ)ǫ(h),
for all σ ∈ S3 and h ∈ H. Then f satisfies f(gh) = f(g)f(h)(−1)
ǫ(g)ǫ(h) for
all g ∈ S4 and h ∈ H. We set ξ(g1, g2) = f(g2)
ǫ(g1) .
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Lemma 3.1. Let gi = σihi for i = 1, 2, 3 with σi ∈ S3 and hi ∈ H. Then
dξ(g1, g2, g3)
= (f(g2σ3)f(g2))
ǫ(g1)(−1)ǫ(g1)ǫ(g2)ǫ(h3)
= (f(g2σ3)f(g2)(−1)
ǫ(g2)ǫ(σ3))ǫ(g1).
In particular, if g3 = h ∈ H, we have
dξ(g1, g2, h) = (−1)
ǫ(g1)ǫ(g2)ǫ(h).
Proof. By construction, we have
dξ(g1, g2, g3)
= ξ(g2, g3)ξ(g1g2, g3)
−1ξ(g1, g2g3)ξ(g1, g2)
−1
= f(g3)
ǫ(g2)−ǫ(g1g2)f(g2g3)
ǫ(g1)f(g2)
−ǫ(g1)
= (f(g2σ3h3)f(g2)f(σ3h3))
ǫ(g1)
= (f(g2σ3)f(h3)(−1)
ǫ(g2σ3)ǫ(h3)f(g2)f(h3)(−1)
ǫ(σ3)ǫ(h3))ǫ(g1)
= (f(g2σ3)f(g2))
ǫ(g1)(−1)ǫ(g1)ǫ(g2)ǫ(h3).

We define an adapted cocycle ω ∈ Z3(S4,C
×) by
ω(g1, g2, g3) = inf ω0(g1, g2, g3)dξ(g1, g2, g3).
Let gi = (123)
xi(13)yi(1234)zi , σi = (123)
xi(13)yi , and hi = (1234)
zi . The
above lemma shows
ω(g1, g2, g3)
= α(x1, (−1)
y1+z1x2, (−1)
y1+y2+z1+z2x3)(f(g2σ3)f(g2)(−1)
ǫ(g2)ǫ(σ3))ǫ(g1).
3.4. Structure of C(S4, ω
l,H, 1). LetH and ω be as in the previous subsec-
tion. We determine the structure of the group-theoretical fusion categories
C1,l = C(S4, ω
l,H, 1) for l ∈ {0, 1, 2, 3, 4, 5}.
Let γ0 = e, γ1 = (12)(34), γ2 = (123). Then we have the double coset
decomposition
S4 =
2⊔
i=0
HγiH,
and
Hγ0H = H,
Hγ1H = γ1H = {(13), (24), (12)(34), (14)(23)},
Hγ2H = {(1243), (1324), (1342), (1423),
(123), (124), (132), (134), (142), (143), (234), (243),
(12), (14), (23), (34)}.
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The normalizer NS4(H) of H is
H ⋊−1 〈γ1〉 ∼= Z4 ⋊−1 Z2 ∼= D8.
and we have
Hγ0 = Hγ1 = H, Hγ2 = {e}.
Since γ1 = (12)(34) = (13)(1234) we can compute the Schur multiplier
ωγ1 ∈ Z
2(Hγ1 ,C×) as
ωγ1(h1, h2) = ω(h1, h2, (13)(1234)) = (f(h2(13))f0(h2)(−1)
ǫ(h2))ǫ(h1)
= (f((13)h−12 )f0(h2)(−1)
ǫ(h2))ǫ(h1) = (f0(h
−1
2 )f0(h2))
ǫ(h1)
= ((−1)ǫ(h
−1
2
)ǫ(h2))ǫ(h1)
= (−1)ǫ(h1)ǫ(h2) =
f0(h1)f0(h2)
f0(h1h2)
,
which shows ωγ1 = df0. We let χ be one of the generators of Ĥ
∼= Z4. Then
the simple objects of C1,l are
Xγ0,1,Xγ0,χ,Xγ0,χ2 ,Xγ0,χ3 ,Xγ1,f l0
,Xγ1,χf l0
,Xγ1χ2f l0
,Xγ1,χ3f l0
,Xγ2,1.
Even though we do not know the fusion rules yet, by dimension consid-
erations we see that the group of invertible objects Γ(C1,l) is
{Xγ0,χi}
3
i=0 ∪ {Xγ1,χif l0
}3i=0,
and Xγ2,1 with FPdimXγ2,1 = 4 is the only non-invertible object, hence
corresponding to ρ. Thus C1,l is a near-group category.
Theorem 3.2. Let C1,l = C(S4, ω
l,H, 1) be as above.
(1) For the second and third FS indicators of Xγ2,1, we have
ν2(Xγ2,1) = (−1)
l,
ν3(Xγ2,1) = 2e
−2pili
3 .
(2) The group Γ(C1,l) of the invertible objects in C1,l is isomorphic to the
dihedral group D8 for even l, and the quaternion group Q8 for odd l.
In particular, the six group theoretical fusion categories C1,l, l = 0, 1, 2, 3, 4, 5,
are pairwise inequivalent as pivotal fusion categories.
Proof. (1) Theorem 2.2 implies
νk(Xγ2,1) =
∑
r∈(123)H
rk=e
π−k(r) =
∑
r∈(123)H
rk=e
k∏
j=1
ω(r, r−j , r)−l.
Since (123)H = {(123), (1342), (243), (14)}, we have
ν2(X(12),1) = ω((14), (14), (14))
−l
NONCOMMUTATIVE NEAR-GROUP CATEGORIES 11
and
ν3(X(12),1)
= ω((123), (123)−1 , (123))−lω((123), (123)−2 , (123))−l
+ ω((243), (243)−1 , (243))−lω((243), (243)−2 , (243))−l
= ω((123), (123)2 , (123))−lω((123), (123), (123))−l
+ ω((243), (234), (243))−lω((243), (243), (243))−l
Since (14) = (123)(1234)3 , we get
ω((14), (14), (14))
= α(1,−1, 1)f((14)(123))f((123)(1234)3) = f((1234))f((1234)3) = −1,
and ν2(Xγ2,1) = (−1)
l.
We have
ω((123), (132), (123))ω((123), (123), (123)) = α(1, 1, 1)α(1, 2, 1) = e
2pii
3 .
Since (243) = (123)(1234)2 and (234) = (123)2(13)(1234), we get
ω((243), (234), (243))ω((243), (243), (243))
= ω((123)(1234)2 , (123)2(13)(1234), (123)(1234)2)
× ω((123)(1234)2 , (123)(1234)2 , (123)(1234)2)
= α(1, 2, 1)α(1, 1, 1)
= e
2pii
3 .
Thus we get ν3(X(12),1) = 2e
−2pili
3 .
(2) SinceNS4(H) = H⋊〈γ1〉 and ωγ1 = df0, we can identifyK in Theorem
2.3 with {e, γ1}, and get ηγ1(h) = f0(h)
l. Thus
ν(γ1, γ1)(h) = (f0(h)f0(h
−1))l = χ(h)2l.
This means
Γ(C1,l) = 〈χ, γ˜1| χ
4 = 1, γ˜1
2 = χ2l, γ˜1χ = χ
−1γ˜1〉,
which is isomorphic to D8 for even l, and to Q8 for odd l. 
Remark 3.3. The category C1,0 is equivalent to the category of representa-
tions of the bismash product Hopf algebra CS3#CZ4. This bismash product
is the trivial case of a cleft extension Hopf algebra CS3 → H → CZ4, analo-
gous to the semidirect product of groups. Such an extension gives a Singer
pair structure for the Hopf algebras (CZ4,C
S3). Equivalence classes of cleft
extension Hopf algebras giving a fixed Singer pair structure form an abelian
group denoted Opext(CZ4,C
S3). It was shown in [11, Theorem 4.1] that
Opext(CZ4,C
S3) = 0, hence this is the unique such Hopf algebra extension
(up to equivalence of extensions) associated to the Singer pair (CZ4,C
S3).
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In a similar way, the other categories C1,l, l 6= 0 arise as the represen-
tation categories of cleft extension quasi-Hopf algebras; see [14, Theorem
4.4] for an explicit construction. The group of equivalence classes of quasi-
bialgebra extensions associated to the Singer pair (CZ4,C
S3) is denoted
Opext′(CZ4,C
S3). (See [12] for details.)
The preceding results imply that Z6 is a subgroup of Opext
′(CZ4,C
S3).
Moreover, we may apply the Kac exact sequence associated with Opext′
from [12, Theorem 4.13] to see that
0 ∼= H2(Z4,C
×)→ Opext′(CZ4,C
S3)→ H3(S4,C
×)→ H3(Z4,C
×) ∼= Z4.
Since H3(S4,C
×) ∼= Z6 × Z4 we have
Opext′(CZ4,C
S3) ∼= Z6
Remark 3.4. Dually, one may consider the group of equivalence classes of
coquasi-bialgebra extensions associated to the Singer pair (CZ4,C
S3), which
is denoted Opext′′(CZ4,C
S3). It was shown in [13, Example 5.2] that
Opext′′(CZ4,C
S3) ∼= Z4
Thus we observe that
Opext′(CZ4,C
S3)⊕Opext′′(CZ4,C
S3) ∼= H3(S4,C
×),
This observation indicates an interesting relationship between the groups
Opext′ and Opext′′ for other Opext-trivial Singer pairs.
4. General case
We use the same notation as in the previous section.
Recall that S3 is isomorphic to SL(2,F2), and S4 = N ⋊S3 is isomorphic
to the affine group F22 ⋊ SL(2,F2), which is identified with


 a b vc d w
0 0 1

∣∣∣∣∣ v,w ∈ F2,
(
a b
c d
)
∈ SL(2,F2)

 .
This expression of S4 suggests possible generalization of our previous con-
struction. Let
Gn =



 a b vc d w
0Tn 0
T
n In

 ∈ SLn+2(F2)
∣∣∣∣∣ v,w ∈ Fn2 ,
(
a b
c d
)
∈ SL2(F2)


where we let 0n = (0, 0, . . . , 0) ∈ F
n
2 and In ∈ SLn(F2) is the identity matrix.
Then Gn ∼= F
2n
2 ⋊S3, and again we can inflate the 3-cocycle ω0 ∈ Z
3(S3,C
×)
to Gn. The first named author conjectured in [9] that with an appropriate
choice of a subgroup Hn ≤ Gn, the same construction as in the previous
section, using Gn instead of S4, exhausts general noncommutative near-
group categories, which we are going to prove now. Note that Gn is a
semi-direct product F2n−22 ⋊ S4, where the action of S4 on F
2n−2
2 is given
through π : S4 → S3 ∼= SL(2,F2). For our purpose, it is more convenient to
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directly work on the latter expression as we already have an adapted cocycle
ω of S4 for the subgroup H. For this reason, we start with our argument by
giving an alternative definition of Gn.
Let Vn = F
n−1
2 . We define an action of S3 on Vn ⊕ Vn as follows:
(12) · (v,w) = (w, v),
(13) · (v,w) = (v + w,w),
(23) · (v,w) = (v, v + w),
(123) · (v,w) = (v + w, v),
(132) · (v,w) = (w, v + w),
and extend it to an S4-action through π. We set Gn = (Vn⊕Vn)⋊S4, which
is (Vn ⊕ Vn)× S4 as a set with multiplication
((v1, v2), g)((w1, w2), h) = ((v1, v2) + g · (w1, w2), gh).
We denote by p the projection p : Gn → S4 onto the second components.
For simplicity, we denote ((v1, v2), e) by (v1, v2) and ((0, 0), g) by g.
Note that (v, 0n−1) commutes with h for every v ∈ Vn and h ∈ H as
(13) · (v, 0n−1) = (v, 0n−1). Let ωn(x, y, z) = ω(p(x), p(y), p(z)), and let
Hn = (Vn ⊕ {0n−1})H ∼= Z
n−1
2 × Z4.
Then ωn is an adapted 3-cocycle of Gn for Hn. We then define
Cn,l = C(Gn, ω
l
n,Hn, 1)
for l = 0, 1, 2, 3, 4, 5.
Note that π(γ1) = e, and γ1 commutes with (v1, v2) for all v1, v2 ∈ Vn.
Thus Kn := ({0n−1}⊕Vn){e, γ1} is a subgroup of Gn isomorphic to Z
n
2 , and
we have NGn(Hn) = (Vn⊕Vn)NS4(H) = Hn⋊Kn. We have (ωn)(0n−1,v) = 1
and
(ωn)(0n−1,v)γ1(h1, h2) = ωγ1(p(h1), p(h2)) = d((f0 ◦ p)
l)(h1, h2)
for h1, h2 ∈ Hn.
We claim
Gn = Hnγ2Hn ⊔
⊔
k∈Kn
HnkHn.
Indeed, direct computation shows (Hn)
γ2 = γ2Hnγ
−1
2 ∩ Hn = {e}, which
implies |Hnγ2Hn| = |Hn|
2 = 22n+2. Since HnkHn = kHn for k ∈ Kn, the
cardinality of the right-hand side is 22n+2 + |Hn||Kn| = 2
2n+1 · 3, which
coincides with |Gn|. From the claim, we see that
Γ(Cn,l) = {X(0n−1 ,v),τ}τ∈Ĥn, v∈Vn ⊔ {X(0n−1,v)γ1,τf l0◦p
}
τ∈Ĥn, v∈Vn
and Xγ2,1 is the only non-invertible simple object. Thus Cn,l is a near-group
category. We have FPdimXγ2,1 = 2
n+1.
Theorem 4.1. Let Cn,l = C(Gn, ω
l
n,Hn, 1) be as above.
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(1) For the second and third FS indicators of Xγ2,1, we have
ν2(Xγ2,1) = (−1)
l,
ν3(Xγ2,1) = 2
ne
−2pili
3 .
(2) For even l, Γ(Cn,l) is isomorphic to the central product of n copies
of D8. For odd l, it is isomorphic to the central product of Q8 and
n− 1 copies of D8.
In particular, the six group theoretical fusion categories Cn,l, l = 0, 1, 2, 3, 4, 5,
are pairwise inequivalent as pivotal fusion categories.
Proof. (1) We have
(123)Hn
= (123){(v, 0n−1)h}v∈Vn, h∈H
= {(v, v)(123)h}v∈Vn , h∈H
=
⋃
v∈Vn
{(v, v)(123), (v, v)(1342), (v, v)(243), (v, v)(14)}.
Since π((14)) = (23), we have ((v, v)(14))2 = (v, 0n−1), and (14) is the only
order 2 element in (123)Hn. Thus the same computation as in the proof of
Theorem 3.2 shows ν2(Xγ2,1) = (−1)
l.
Since π((123)) = π((243)) = (123), we see that the set of order 3 elements
in (123)Hn is ⋃
v∈Vn
{(v, v)(123), (v, v)(243)}.
Thus the same computation as in the proof of Theorem 3.2 shows ν3(X(12),1) =
2ne
−2pili
3 .
(2) Recall that χ is one of the generator of Ĥ. We regard χ as an element
of Ĥn by setting χ((v, 0n−1)h) = χ(h). For v
∗ ∈ V ∗n , we define µv∗ ∈ Ĥn as
µv∗((v, 0n−1)h) = (−1)
〈v,v∗〉.
We can identify Kn with K in Theorem 2.3, and get η(0n−1,w) = 1 and
η(0n−1,w)γ1(h) = f0(ρ(h))
l. Thus
ν((0n−1, w1)γ
r
1 , (0n−1, w2)γ
s
1) =
{
1, (r, s) 6= (1, 1)
χ2l, (r, s) = (1, 1).
The group Γ(C1,l) is identified with a group generated by Ĥn and sym-
bols {k˜}k∈Kn with the relations k˜1k˜2 = ν(k1, k2)k˜1k2 and k˜τ =
kτ k˜ for all
k1, k2, k ∈ Kn and τ ∈ Ĥn. Since
(0n−1,w)τ((v, 0n−1)(1234)
z)
= τ((0n−1,−w)(v, 0n−1)(1234)
z(0n−1, w)) = τ((v + zw, 0n−1)(1234)
z),
and γ1τ((v, 0n−1)h) = τ((v, 0n−1)h
−1), we have (0n−1,w)χ = χ, (0n−1,w)µv∗ =
µv∗(χ
2)〈w,v
∗〉, γ1χ = χ−1, and γ1µv∗ = µv∗ .
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Let {ei}
n−1
i=1 be the canonical basis of Vn and let {e
∗
i }
n−1
i=1 be its dual basis
of V ∗n . We set µi = µe∗i and fi =
˜(0n−1, ei). We set c = χ
2, which is a central
element in Γ(C1,l) of order 2. Then Γ(C1,l) is generated by
{µi}
n−1
i=1 ∪ {χ} ∪ {fi}
n−1
i=1 ∪ {γ˜1}.
Let Γi be the subgroup of Γ(C1,l) generated by µi and fi for 1 ≤ i ≤ n−1, and
let Γn be the subgroup generated by χ and γ˜1. Then {Γi}
n
i=1 are mutually
commuting family of subgroups with common center {e, c}. As before Γn is
isomorphic to D8 for even l, and to Q8 for odd l. Since fiµi = cµifi and
µ2i = f
2
i = e, the subgroup Γi for 1 ≤ i ≤ n − 1 is isomorphic to D8. Since
|Γ(C1,l)| = 2
2n+1, we see that Γ(C1,l) is the central product of {Γi}
n
i=1. 
Remark 4.2. It might be interesting to replace F2 with F4 in our argument
and investigate the resulting fusion categories. In the simplest case
G = F24⋊SL(2,F4) =



 a b vc d w
0 0 1

∣∣∣∣∣ v,w ∈ F4,
(
a b
c d
)
∈ SL(2,F4)

 ,
H =



 1 v w0 1 v
0 0 1

 ∈ G
∣∣∣∣∣ v,w ∈ F4,

 ,
we get a matched pair (SL(2,F4),H), and C(G, 1,H, 1) is a representation
category of the Hopf algebra CA5#CH, which is not a near-group cate-
gory but a quadratic category. The class of quadratic categories include
near-group categories, and it draws attention of specialists recently (see for
example [10]).
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